Let (M n , g, e −f dv) be a smooth metric measure space of dimensional n. Suppose that v is a positive weighted p-eigenfunction associated to the eigenvalue λ1,p on M , namely
Introduction
The local Cheng-Yau gradient estimate is a standard result in Riemannian geometry, see [8] , also see [28] . It asserts that if M be an n dimensional complete Riemannian manifold with Ric ≥ −(n − 1)κ for some κ ≥ 0, for u : B(o, R) ⊂ M → R harmonic and positive then there is a constant c n depending only on n such that Here B(o, R) stands for the geodesic centered at a fixed point o ∈ M . Notice that when κ = 0, this implies that a harmonic function with sublinear growth on a manifold with non-negative Ricci curvature is constant. This result is clearly sharp since on R n there exist harmonic functions which are linear.
Cheng-Yau's method is then extended and generalized by many mathematicians. For example, Li-Yau (see [12] ) obtained a gradient estimate for heat equations. Cheng (see [7] ) and H. I. Choi (see [9] ) proved gradient estimates for harmonic mappings, etc. We refer the reader to survey [11] for an overview of the subject. Moreover, using these local gradient estimates, we can obtain sharp gradient estimates for weighted p-eigenfunctions as follows. The sharpness of the estimate is demonstrated by the below example.
Example 1.4. Let M n = R × N n−1 with a warped product metric
where N is a complete manifold with non-negative Ricci curvature. Then it can be directly checked that Ric M ≥ −(n − 1) (See [16] for details of computation). Moreover, we have Hence, e f div(e −f |∇v| p−2 ∇v) = ((p − 1)a − (m − 1))a p−1 v p−1 .
This implies that λ 1,p = (m − 1 − (p − 1)a)a p−1 , or equivalently,
It is also very interesting to ask what are geometric structures of manifolds with λ 1,p achieving its maximal value. When f is constant, this problem has been studied by Li-Wang, Sung-Wang in [14, 15, 29] . In this paper, we prove a generalization of their results. for some compact manifold N . Here the definition of p-parabolic ends is given in the section 3.
On the other hand, if we only assume that the Bakry-Émery curvature is bounded from below, we also can give a upper bound estimate of the first eigenvalue. For example, we consider smooth metric measure spaces and prove that if
, where a is the linear growth rate of f . Moreover, we also show that this estimate is optimal. When λ 1,p is maximal we obtain the following theorem. Theorem 1.6. Let (M, g, e −f dv) be a smooth metric measure space with Ric f ≥ 0. Suppose that
, where a is the linear growth rate of f . Then, either M is connected at infinity or
This theorem is a generalization of Munteanu and Wang's theory on weighted harmonic functions on smooth metric measure spaces (see [21] ).
This paper is organized as follows. In the section 2, we give a proof of the main theorem 1.1 by using the Moser's iteration. As its applications, we show a Liouville property and a Harnack inequality for weighted p-harmonic functions. In the section 3, we prove the theorem 1.2. The proof the theorem 1.5 is given in the section 4. In the section 5, we investigate smooth metric measure spaces with Bakry-Émery curvatures bounded from below. We generalize Munteanu and Wang's results in [21, 22] by using the theory of weighted p-harmonic functions.
Local gradient estimates for weighted p-eigenfunctions on
(M, g, e −f dµ)
Suppose that (M, g, e −f dv) is a smooth metric measure space, and Ω ⊂ M be an open subset. Let v be a positive weighted p-eigenfunction function with respect to the first eigenvalue λ 1,p , for p > 1, namely, v ∈ W 1,p loc (Ω) satisfying the following weighted p-Laplacian equation,
The regularity of solutions of the equation (2.1) implies v ∈ C 1,α for some α > 0, for example, see [30] . Morevoer, it is well-known that v ∈ W 2,2 loc if p ≥ 2 and v ∈ W 2,p loc if 1 < p < 2. In addition, v is smoth outside the set {∇v = 0}.
Note that, when λ 1,p = 0 then v is called a weighted p-harmonic function. Let u = −(p − 1) log v, then v = e −u/(p−1) . It is easy to see that u satisfies
Put h := |▽u| 2 , the above equation can be rewritten as follows.
Assume that h > 0. As in [10] , [20] , we consider the below operator
We have the following lemma and the proof is by direct computation.
Combining this equation and the above equation, we are done. Now, suppose that v is a weighted p-eigenfunction with repect to the first eigenvalue λ 1,p = 0. We choose a local orthonormal frame {e i } with e 1 = ∇u/|∇u| then
Then (2.2) can be read as
δ for δ > 0 in the fourth inequality. Again, by using the identities
we conclude that
Assume that Ric
The above equation holds wherever h is strictly positive. Let K = {x ∈ M, h(x) = 0}. Then for any non-negative function ψ with compact support in Ω \ K, we have
In order to consider the cases h = 0, for
Plugging this identity into (2.4), we have
Let
it is easy to see that
Hence, by passing ε to 0, we obtain
Using (2.5) and the argument as in [33] , we can obtain the following lemma. 
In [2], Bakry and Qian proved the following generalized Laplacian comparison theorem (also see
provided that Ric 
(see [36] for details). It turns out that we have the local f -volume doubling property. Then we follow the Buser's proof [5] or the Saloff-Coste's alternate proof (Theorem 5.6.5 in [26] ), we can easily get a local Neumann Poincaré inequality in the setting of smooth metric measure spaces. Using the volume comparison theorem, the local Neumann Poincaré inequality and following the argument in [27] , we obtain a local Sobolev inequality as belows.
Theorem 2.3. Let (M, g, e −f dµ) be an n-dimensional complete noncompact smooth metric measure space. If Ric m f ≥ −(m − 1)κ for some nonnegative constants κ, then for any p > 2, there exists a constant c = c(n, p, m) > 0 depending only on p, n, m such that
for any ϕ ∈ C ∞ 0 (B p (R)). Proof. We refer the reader to [35] for the details of the argument.
From now on, we suppose Ω = B R . Theorem 2.3 implies
where c(n, p, m) > 0 depends only on n, p. Let b 0 = C(n, p, m)(1+ √ κR) with C(n, p, m) ≥ c(n, p, m) large enough, then from (2.6) and (2.9) we infer
This inequality and the Wang and Zhang's arguments ( [33] ) imply the following lemma.
Proof. The proof is followed by the argue in [33] , hence, we omit the details. Now, we give a proof of the main theorem.
Proof of Theorem 1.1. By (2.10), we have
In order to apply the Moser iteration, let us put
where C 1 is a certain constant. Hence in (2.11), by letting b
It is easy to see that
. The above inequality leads to
here we used that
converges. Now, by Lemma 2.4 and (2.12), we conclude
The proof is complete.
As a consequence, we obtain the folowing important theorem ralating to Liouville-property for weighted p-harmonic functions. If κ = 0, we have a uniform constant c p,n,m (independent of R) such that
We finish this section by giving the following gradient estimates for weighted p-eigenfunctions with repect to the first eigenvalue λ 1,p . This estimate will be used in the next section where we show the sharpness of our gradient estimates for weighted p-eigenfunctions. Proof. Theorem 1.1 implies
Letting R → ∞, we are done.
Global sharp gradient estimates for weighted p-Laplacian
Recall that a function v is an eigenfunction of p-Laplacian with corresponding eigenvalue λ 1,p ≥ 0 if
In this section, we only consider positive solution v. Set u = −(p − 1) ln v, the equation (3.1) can be rewritten as follows
Put h := |▽u| 2 , assume that h > 0. As in [29] , we consider
which is a slight modification of L(ψ). By Lemma 2.1, we have that
Let {e 1 , e 2 , . . . , e n } be an orthonormal frame on M with |∇u|e 1 = ∇u. Then (3.2) can be read as
Therefore,
Note that we used (
Assume that Ric
To show the sharp estimate, let x be the unique positive root of the equation
For any δ > 0, we consider
To show global sharp estimate of weighted p-eigenfunction, we need to have a upper bound of λ 1,p as follows Lemma 3.1. Let (M n , g, e −f dv) be an n-dimensional complete noncompact manifold with Ric
In order to prove lemma 3.1, let us recall a definition.
Definition 3.2. (see [4] ) Let (M n , g, e −f dv) be a smooth metric measure space. For a fixed point o ∈ M , let B o (r) = {q ∈ M : dist(o, q) ≤ r}. An end E is an unbounded component E of M \ B o (r 0 ) for some r 0 ≥ 0. For any 1 ≤ p < ∞. The end E is said to be p-parabolic if for each K ⋐ M and ε > 0 there exists a Lipschitz function φ with compact support, φ ≥ 1 on K, such that E g p φ < ε. Otherwise, E is p-nonparabolic. Here g φ (x) is defined as
Proof of lemma 3.1. Without loss of generality, we may assume that λ 1,p is positive. By the variational characterization of λ 1,p , we know that M has infinite f -volume. The theorem 0.
for all sufficiently large r and C is a constant dependent on r. On the other hand, the volume comparison theorem (2.8) infers V f (B(r)) ≤ C 1 e (m−1)r .
Here C 1 is a constant dependent on r. Therefore, we obtain
or equivalently,
for all sufficiently large r. Lettting r → ∞, we have
We have following key lemma. for any non-negative function φ with compact support on M .
Proof. Since h = |∇u| 2 , by Proposition 2.7, we have
Denote by Ω = {h ≥ x + δ}, then (3.3) implies that there are positive constants c 1 , c 2 depending only on n, p, m such that on Ω
Now, we can follow an argument in [29] to prove that on Ω
for some positive constant c 3 depending only on n, p, m, δ. Indeed, we consider both sides of (3.7) as a function of h. It is easy to see that (3.7) is valid when h = x for any choice of c 3 . Now, we view the left hand side of (2.6) as a function of h, its derivative is
Hence, (3.7) holds true on Ω for some 0 < c 3 < c(n, p, m, δ). From (3.6), (3.7), we obtain L(ω) ≥ aω − b|∇ω| (3.8)
on Ω. Here a, b are positive constants depending only on p, n, m, δ. Using the integration by parts, we have
Here ν is the outward unit normal vector of ∂Ω.
where we used (3.8) in the third inequality. The proof is complete. Now, we give a proof of the theorem 1.2.
Proof of Theorem 1.2. We follow the proof in [29] . First, we will prove that ω ≡ 0. Indeed, for any cut-off function φ on M , and for any q > 0, by using (3.5), we have
Integration by parts implies
Hence, for any ε > 0, we have
where c and c are constants depending only on n, p, m, δ. Choose q such that b + c = 4ε c then
Now a standard argument implies either ω ≡ 0 or for all R ≥ 1,
for some positive constants c 1 and c 2 independent of ε.
Since ω is bounded and the f -volume of the ball B(R) satisfies V f (B(R)) ≤ ce (m−1)R (by (2.8)), if ε > 0 is chosen sufficiently small, (3.9) can not hold. Hence, ω ≡ 0. This implies h ≤ x since δ is arbitrary. Thus, |∇ ln v| ≤ y. The proof is complete. 
Rigidity of manifolds with maximal λ 1,p
In this section, we study structure at infinity of manifolds with maximal λ 1,p . Our main purpose is to prove the theorem 1.5 stated in the introduction part. for some compact manifold N .
Proof. Our argument is close to the argument in [29] . Suppose that M has a p-parabolic end E. Let β be the Busemann function associated with a geodesic ray γ contained in E, namely,
Using the Laplacian comparison theorem (2.7), we have
Hence,
Therefore, let ω := e m−1 p β , we obtain
Suppose that φ is a nonnegative compactly supported smooth function on M . Then by the variational principle,
Noting that, integration by parts implies
for some constant c depending only on p, we infer
Now, we choose
, by theorem 0.1 in [4] , it turns out that
Hence, the first term of (4.2) tends to 0 as R goes to ∞. On the other hand, by [17] we have
It turns out that the second term of (4.2) also goes to 0 as R → ∞. Therefore, (4.1) infers
This implies ∆ f β = −(m − 1).
Moreover, all the inequalities used to prove ∆ f β ≥ −(m − 1) become equalities (see Theorem 1.1 in [18] ). By the proof of the Theorem 1.1 in [18] and the argument in [17] , we conclude that M = R × N n−1 for some compact manifold N of dimension n. The proof is complete.
For p-nonparabolic end, we have the following theorem. To prove theorem 4.2, let us recall a fact on weighted Poincaré inequality in [16] . 
for some nonnegative function ρ, then the weighted Poincaré inequality
must be hold true for all compactly supported smooth function φ ∈ C ∞ 0 (M ).
Note that
By (4.5) and (4.6), the claim 4.4 is verified.
Since the above-mentioned result of Wang plays a critical role in the proof of theorem 4.2, we reformulate it here for reader's convenience.
Theorem 4.4 ([32]
). Let (M n , g, e −f dv) be a smooth metric measure space of dimension n ≥ 3. Suppose that the lower bound of the spectrum λ 1 (M ) of the weighted Laplacian is positive and
Then either M has only one p-nonparabolic end or M = R × N n−1 for some compact manifold N of dimension n − 1 with the product metric
Bakry-Émery curvatures and maximality of the weighted p-spectrum
In this section, we will show the rigidity of smooth metric measure spaces with Bakry-Émery curvature Ric f . We will estimate a upper bound of λ 1,p and show that this upper bound is optimal and λ p,f is maximal on gradient staedy Ricci soliton with radial Ricci flatness. Moreover, we will prove that under extra conditions on Ric f and f if λ 1,p is maximal then smooth metric measure spaces are splliting.
Lemma 5.1. Let (M, g, e −f dv) be a complete noncompact smooth metric measure space with Ric f ≥ 0. If there exist positive constants a, b > 0 such that
then we have the upper bound estimate
Moreove, if f has sublinear growth then λ 1,p (M ) = 0.
Proof. We use the argument in the proof of Lemma 3.1. Similarly, without loss of generality, we may assume that λ 1,p is positive. By the variational characterization of λ 1,p , we know that M has infinite f -volume. The theorem 0.1 in [4] implies M is p-nonparabolic, moreover
for all sufficiently large R and C is a constant dependent on r. On the other hand, by the volume estimate in [21] , we have known that
for some constant C ′ > 0. Therefore, we have for some constant C > 0
for all sufficiently large R. Lettting R → ∞, we have
To show that the estimate λ 1,p (M ) as in the above is optimal, let us recall the following Picone identity ( [1] ). Here δ f = δ + i ∇f is the dual of d with respect to e −f dv, we denoted 1-form and its dual vector field by dv in an abuse of notation. We also used v is weighted p-harmonic in the first inequality.
Let 
Let R → ∞, we conclude that |dv| is constant on M + . Since v ∈ C 1 (M ), it implies that dv = 0 on M . Hence v is constant. This gives a contradiction. The proof is complete. Now, we have the following rigidity result. Proof. Since λ 1,p > 0, we know that M is weighted p-nonparabolic. Assume that M has at leat two ends. By Lemma 5.5, we infer that M has only one weighted p-nonparabolic end, all other are weighted p-parabolic. Let E be the weighted p-nonparabolic end and F = M \ E.
Let β be the Busemann function associated with a geodesic ray γ contained in F , namely, β(x) = lim t→∞ (t − dist(x, γ(t))).
In [21] , Munteanu and Wang proved that ∆ f β ≥ −a.
Since λ 1,p = Suppose that φ is a nonnegative compactly supported smooth function on M . Then by the proof of Theorem 4.1, we have
